Abstract. We extend the notion of test module filtration introduced by Blickle for Cartier modules. We then show that this naturally defines a filtration on unit F -modules and prove that this filtration coincides with the notion of V -filtration introduced by Stadnik in the cases where he proved existence of his filtration. We also show that these filtrations do not coincide in general.
Introduction
If R = C[x 1 , . . . , x n ] and f ∈ R is a hypersurface then the multiplier ideal filtration J (R, f t ) t∈Q ≥0 is a descending right-continuous filtration of ideals in R which captures subtle information about the singularities of f . This filtration is obtained by considering a log-resolution of f . Due to work of Budur and Saito ( [7] , [6] ) it is known that it captures parts of the information provided by the V -filtration. More precisely, if γ : Spec R → Spec R[t] is the graph embedding t → f and γ + R is the D R -module pushforward then the V -filtration of γ + R intersected with R yields the multiplier ideal filtration. The associated graded of the V -filtration (constructed by Malgrange ([19] ) and more generally by Kashiwara ([15] )) corresponds to the nearby cycles functor in the category of of D R -modules.
Let us now assume for the rest of the introduction that R is smooth over a perfect field. Then we have the theory of so-called test modules τ (M, f t ) t∈Q ≥0 at our disposal, where M is a coherent R-module endowed with an R-linear map κ : F * M → M . to 1 and all other basis elements to zero (if one identifies ω R with R via dx 1 ∧ · · · ∧ dx n → 1 then this is the Cartier operator). In this case the corresponding test ideal filtration τ (R, f t ) t∈Q t≥0 is then the characteristic p analogue of the multiplier ideal filtration.
The pairs (M, κ : F * M → M ) form a category which we call Cartier modules. It is an abelian category and it admits a natural functor to the category of D Rmodules whose essential image are so-called unit R[F ]-modules. In fact, suitably localizing the category of Cartier modules one can turn this into an equivalence with unit R[F ]-modules which are special well-behaved D R -modules. Moreover, by work of Emerton and Kisin [10] one has an equivalence of unit R[F ]-modules with perverse constructible F p -sheaves on the étale site associated to R. Since nearby cycles themselves are not well-behaved in this category (it is not a functor on constructible sheaves among other things) it is now a very natural question whether one may construct a V -filtration in the category of unit R[F ]-modules or Cartier modules that captures the desirable properties of the V -filtration in characteristic zero. In [21] Stadnik introduced a notion of V -filtration in the category of unit R[F ]-modules, proved existence in a special case and showed that in this case the zeroth graded piece corresponds to the unipotent part of the (underived) tame nearby cycles. In [20] the author showed that in the category of Cartier modules one may characterize the test module filtration by certain axioms that are akin to a V -filtration and showed that if (M, κ) corresponds to a locally constant sheaf and x defines a smooth hypersurface then Gr τ M (the associated graded of the test module filtration in the range [0, 1]) is naturally isomorphic to i ! M as a crystal, where i : Spec R/(x) → Spec R is the inclusion. Moreover, the author also showed that if ϕ : Spec S → Spec R is étale then ϕ ! Gr τ M ∼ = Gr τ ϕ ! M . Both results hold for nearby cycles in characteristic zero.
In the present paper we achieve two things. We extend the definition of test module filtration to Cartier modules that are obtained as the pushforward of a coherent Cartier module along an open immersion. In fact, we show that the definition of test module may be carried over to unit R[F ]-modules. This enables us to compare the test module filtration with Stadnik's notion of V -filtration. We will show that these two filtrations coincide for the cases where Stadnik proved existence but not in general. Moreover, we show that for ϕ : Spec S → Spec R a smooth morphism one has ϕ ! Gr τ M ∼ = Gr τ ϕ ! M (as one would expect from wellbehaved nearby cycles).
We now describe the contents of this paper in more detail. While working with Cartier modules we will be able to relax our assumptions to R being F -finite (that is the Frobenius R → F * R is a finite morphism). Whenever the equivalence with unit R[F ]-modules is involved we have to assume, in addition, that R is smooth over an F -finite field. In the first section we review the theory of Cartier modules and unit R ). This will be accomplished in Section 2 after several preparations. Next, we extend the notion of test module filtration in Section 3 in order to be able to compare it with Stadnik's notion of V -filtration. Namely, if j : D(f ) → Spec R, where f ∈ R, is an open immersion and (M, κ) a coherent Cartier module then j * M is of course not coherent in general. However, there are coherent R-Cartier submodules N ⊆ j * M for which the inclusion is a local nil-isomorphism. We then show that τ (N, f t ) is independent of the choice of N and use this to attach a test module filtration to j * M . Section 4 deals with functorial behavior of F -regularity and test modules. We show that for a smooth morphism ϕ : Spec S → Spec R one has ϕ ! τ (M, f t ) = τ (ϕ ! M, f t ). This is a local problem. Since the étale case was handled in [20] this boils down to understanding how ϕ ! transforms the test module for the map ϕ : A n R → Spec R. Once one has analyzed how the structural map F * ϕ ! M → ϕ ! M looks like this is an explicit computation. We also give examples that this no longer holds if ϕ is finite and tamely ramified along a smooth divisor.
Finally in Section 5 we achieve the comparison with Stadnik's V -filtration. We show that these two filtrations do not coincide in general (Example 5.8) and show that they coincide in the cases where Stadnik proved existence. We also show that the zeroth graded piece of Stadnik's filtration which carries a unit F -crystal structure corresponds to the associated crystal of the first graded piece of the test module filtration. Both statements are part of Theorem 5.23.
As usual, whenever the upper shriek functor is involved there are a lot of compatibilities to be checked. Eventually all the compatibilities involving upper shriek and Cartier structures will hopefully be contained in an updated version of [3] .
In order to keep this paper reasonably self-contained we prove all compatibilities involving upper shriek and Cartier structures whenever there is no direct reference. In doing this we do not strive for maximal generality but rather restrict to the cases that we really need.
Conventions.
We assume that our rings are of positive prime characteristic p > 0. If R is a ring then R
• denotes the elements of R that are not contained in any minimal prime.
Throughout F denotes the absolute Frobenius morphism. A noetherian ring R is called F -finite if the Frobenius F : Spec R → Spec R is a finite morphism. Recall that by a result of Kunz [17] an F -finite ring is excellent.
For a rational number t we denote its round down by t = max{n ∈ Z | n ≤ t}, by {t} = t − t its fractional part and its round up by t = min{n ∈ Z | n ≥ t}.
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Cartier modules and crystals
Let R be an F -finite ring. An R-Cartier algebra C is an N-graded not necessarily commutative R-algebra such that R surjects onto C 0 and such that we have the relation rϕ = ϕr p e for all ϕ ∈ C e . A Cartier module M is a left-C-module. We will also denote this by (M, C). Note that if κ e ∈ C e is homogeneous of degree e then multiplication by κ e is an R-linear map F e * M → M . A Cartier module is called coherent if its underlying R-module is finitely generated. The support Supp M of a Cartier module M is the support of the underlying R-module.
We will usually assume that Cartier modules are coherent with the notable exception of pushforwards along open immersions. In particular, we will omit the coherence assumption from the notation.
We note that the localization of a Cartier module is again a Cartier module in a natural way via the formula κ e (
h M = 0 for some h ≥ 0. Given a coherent Cartier module (M, C) there is a unique nilpotent submodule M nil such that M = M/M nil does not admit nilpotent submodules (cf. [1, Lemma 2.12] and note the typing error: "quotients" should read "submodules").
Given a coherent Cartier module (M, C) we define 2.13] shows that this is well-defined). We call M F -pure if M = M C . We will often omit C from the notation and simply write M . The Cartier module M is the unique Cartier submodule such that the quotient M/M is nilpotent and such that C + M = M . The operation commutes with localization and if (M, C) is F -pure then its annihilator is a radical ideal (see [1, Lemma 2.19 
]).
A coherent Cartier module (M, C) is called F -regular if (M, C) is F -pure and if it admits no non-zero proper Cartier submodules that generically agree with M (that is if N is a Cartier submodule such that
The test module τ (M, C) of a coherent Cartier module (M, C) is the smallest Cartier submodule of M that generically agrees with M . Existence of test modules is proven if R is (essentially) of finite type over an F -finite field in [1, Theorem 
For us the most important examples of Cartier algebras will be C = κ , where κ : F * M → M is an R-linear map and subalgebras of C. In the first case we will also simply write (M, κ) for the datum of a Cartier module. Of particular importance is the subalgebra generated in degree e by κ e f tp e , where t ∈ Q ≥0 and f ∈ R.
We will then also write τ (M, f t ) for the corresponding test module. Varying t one obtains a decreasing filtration
Moreover, this filtration is right-continuous in the sense that for t there is 0 < ε 1 such that
If R is essentially of finite type over an F -finite field then the test module filtration is discrete ( [1, Corollary 4.19] ) and rational(this follows from discreteness as in [4, Theorem 3.1] ). Finally, the quotient Gr
naturally carries a Cartier structure induced by κf t(p−1) (see [20, Section 4] ). A morphism of Cartier modules is a morphism ϕ : M → N of the underlying R-modules such that for every κ e ∈ C e one has κ e F e * ϕ = ϕκ e . Suppose that f : Spec S → Spec R is a morphism of F -finite rings. Then we obtain a functor of Cartier modules f * as follows. Let (M, C) be a Cartier module on S. Consider the S-module pushforward f * M and define a Cartier structure as follows: For κ e ∈ C e we define κ e :
Assume now that f is finite or smooth. Then for finite f we define a functor f ! from C-modules on R to C-modules on S as N → Hom R (S, N ) considered as an S-module via the first argument 1 . In this case a homogeneous element κ e ∈ C e acts via f 
We will discuss this in more detail in Section 4. For the rest of this section we restrict to the case that C = κ . If M is a quasicoherent Cartier module endowed with a single structural map κ : F * M → M then M is nilpotent if and only if there is e ≥ 0 such that κ e M = 0. We call M locally nilpotent if M is the union of nilpotent Cartier submodules. A (local) nil-isomorphism is a morphism ϕ : M → N of Cartier modules for which both ker ϕ and coker ϕ are (locally) nilpotent. For a coherent Cartier module the notions of local nilpotence and nilpotence coincide.
Recall that since we assume R to be F -finite the structural map κ : Assume that R is regular essentially of finite type over an F -finite field k with structural map f : Spec R → Spec k. Fix, once and for all, an isomorphism k → F ! k. Then we define ω R = f ! k. The module ω R is invertible and comes equipped with a natural isomorphism C :
which defines a Cartier structure on ω R . If R is smooth then ω R coincides with top dimensional Kähler differentials and if k is perfect the isomorphism C : ω R → F ! ω R is the adjoint of the Cartier operator. In particular, if ϕ : Spec S → Spec R is a finite or smooth k-morphism and R, S are both regular essentially of finite type over k then one has ϕ ! ω R = ω S . We refer the reader to [1] for the theory of test modules and to [2] and [3] for the theory of Cartier modules and crystals. Also note that everything we have done here easily generalizes to F -finite noetherian schemes. If f : Spec S → Spec R is a morphism of smooth schemes over k then the pull back of a unit R[F ]-module is simply the pull back of the underlying R-module and the structural map is induced by the isomorphism f
For an open immersion f the pushforward f + coincides with the ordinary pushforward of modules 3 and the structural map is given by the adjoint of f
Emerton and Kisin establish in [10] an analogue of the Riemann-Hilbert correspondence in characteristic p > 0. Namely they show that for a smooth k-scheme X the bounded derived category of unit R[F ]-modules is equivalent to the bounded derived category of constructible F p -sheaves on Xé t . Moreover, the heart of the trivial t-structure (that is the abelian category of unit R[F ]-modules) corresponds to perverse constructible sheaves in the sense of Gabber ([11] ).
We refer the reader to [10] and [9] for more details on unit R[F ]-modules.
Cartier crystals and unit R[F ]-modules. We assume that R is smooth over a perfect field k. Given a Cartier module (M, κ) the adjoint of its structural map is the map 
Unit Test modules
The goal of this section is to show that for a map of R-Cartier modules ϕ : M → N which is a nil-isomorphism one has ϕ(τ (M, f t )) = τ (N, f t ) for any f ∈ R and t ∈ Q ≥0 . Among other things, this will enable us to show that we can define a test module filtration for unit R[F ]-modules (cf. Definition 3.11).
where C is a Cartier subalgebra of the Cartier algebra generated by κ.
e N for e 0. Fix e 0 then we get
The following is implicit in [2] but due to lack of a precise reference we include a proof.
Proof. Note that the Cartier structure on F ! M is given by κ : (1)). This is the adjoint of the natural map 
Proof. We omit C from the notation. We have inclusions M nil ⊆ M nil and M ⊆ M and an equality M nil = M nil ∩ M . We thus obtain an injective map of Cartier modules (M ) → M which is a C-nil-isomorphism. Note that (M ) is F -pure so that the injection factors via (M ) → (M ). But since the codomain is F -pure this C-nil-isomorphism is an isomorphism.
Proof. Since M C is a quotient of M we only have to show the inclusion from right to left. Let x ∈ Supp M . Since F -purity localizes we have
The following result should be of independent interest. 
Proof. The inclusion is immediate since any element of (C + ) e may be written as κ n r for some r ∈ R and n ∈ N. The second claim follows from the first since the
Note that the corresponding result for (i.e. A κ C = A C follows from Lemma 2.1 by setting N = A κ and M = A.
Lemma. Let R be F -finite, (M, κ) a coherent Cartier module and let C be a Cartier subalgebra of κ . Then f is a test element for M with respect to C if and only if f is a test element for M
κ with respect to C. Note that since F ! is left exact one has
Proof. By Proposition 2.5 f is a test element for
The following Theorem generalizes [20, Lemma 4.3] and is valid for any F -finite R provided that test modules do exist. It will allow us to define test module filtrations for unit F -modules (cf. Definition 3.11 below).
Theorem. Let R be essentially of finite type over an F -finite field. Given a nil-isomorphism of coherent Cartier modules
Proof. Fix t ∈ Q ≥0 and denote the algebra generated in degree e by κf tp e by C. The operations and will always be taken with respect to C and we will omit this from the notation. We claim that ϕ(M ) = N . Indeed, since the inclusion N ⊆ N is a nil-isomorphism (and similarly for M ⊆ M ) the restriction ϕ : M → N is also a nil-isomorphism. But N does not admit non-trivial nilpotent quotients by [1, Corollary 2.14].
Next, we want to argue that M and N admit a common test element. Observe that ϕ(M nil ) ⊆ N nil so that ϕ induces a nil-isomorphism M → N which is in fact an isomorphism (we already know that it is surjective and injectivity follows from [1, Lemma 2.12] 4 ). Let now c be a test element for M . By Proposition 2.5 c is then a test element for M ∼ = N and applying 2.5 once more we obtain that c is also a test element for N .
From this we deduce that
For the second statement observe that Also note that, by the same
For later use we record the following results:
Proof. If t = 0 then the assertion is trivial. We now assume t > 0. We have τ (M, f 0 ) ⊆ M so that the inclusion from right to left is clearly satisfied. For the other direction denote the algebra generated in degree e by κ e f tp e by C. Note that
0. Fix one such a. By the first part of the proof of [5, Lemma 4.3] (which only requires F -purity and no assumptions on t) we have
e M for all e 0. In particular, for e sufficiently large and e ≥ a we have
Proposition. Assume that R is essentially of finite type over an F -finite field. Let (M, κ) be an F -pure coherent Cartier module and f
Proof. By Lemma 2.10 we may replace M by τ (M, f 0 ) and therefore assume that M is F -regular. Write t = a n . By right-continuity of the test module filtration there is t ∈ Z[
as desired.
Extending the test module filtration
Consider the following situation: R is an F -finite ring and f a non-zero divisor, denote by j the open immersion D(f ) → Spec R and let M be an R f -Cartier module. Then j * M is a quasi-coherent Cartier module. In this section we will show how to attach a test module filtration to j * M along f t . Proof. We may factor j as the composition of Spec
. By [3, proof of Theorem 3.2.14] applied to i * M there is a Cartier module N ⊆ j * M which is coherent and locally nil-isomorphic to j * M .
For the addendum note that N has no nilpotent submodules if and only if the adjoint of the structural map N → F ! N is injective (cf. [20, Lemma 6.9] ). The adjoint structural map for N is induced by
is non-zero for any e ≥ 0. Choosing e sufficiently large one has sf pe ∈ R. This shows that j * M → F ! j * M is injective which implies the injectivity of N → F ! N . 
Example. Note that we cannot expect that
Proof. First of all, note that j ! = j * since j is étale. Since j ! preserves (local) nil-isomorphisms ([3, Lemma 2.2.3]), local nilpotence and nilpotence coincide for coherent Cartier modules and j ! is exact we obtain an inclusion j ! N ⊆ M which is a nil-isomorphism. Hence, the quotient M/j ! N is nilpotent. But M is F -pure so does not admit any non-trivial nilpotent quotients ([1, Corollary 2.14]). This shows that the inclusion is surjective. Proof. By [2, Corollary 2.15] the natural inclusion N ⊆ N is a nil-isomorphism. We conclude that N ⊆ j * M is a local nil-isomorphism. This shows the inclusion from right to left.
Let now A be any submodule of j * M for which the inclusion is a local nilisomorphism. By definition of A ⊆ j * M being a local nil-isomorphism there is an ascending sequence of coherent Cartier submodules M n such that n M n = j * M and κ n M n ⊆ A. By coherence there is n such that N ⊆ M n and then κ n N ⊆ A. But since N is F -pure we have A ⊇ κ n N = N as desired.
Proposition. In the situation of Proposition 3.4 one has
Proof. We denote the Cartier algebra generated in degree e by κ e f tp e by C. Combining Lemmata 3.4 and 2.1 we obtain that N C = N C . In particular, we get τ (N, f t ) = τ (N , f t ) due to [1, Proposition 3.2 (a)]. Assume now that (M, κ) is F -regular. We claim that f is a test element in the sense of [1, Theorem 3.11] for N and N . By [20, Lemma 4 .1] and the above one has Supp N = Supp N C . Moreover, C f coincides with the R f -Cartier algebra generated by κ. Hence, it suffices to show that D(f ) ∩ Supp N ⊆ Supp N is dense. Since multiplication by f is injective on M it is also injective on N . We conclude that f is not contained in any minimal prime of Supp N . Hence, D(f ) has non-empty intersection with each irreducible component as desired.
3.6. Definition. Let R be F -finite and let M be a Cartier module on R f , where j : Spec R f → R is the open immersion and let N ⊆ j * M be a coherent Cartier module locally nil-isomorphic to j * M . Then we define the test module τ (j
Note that in this way Skoda's theorem is preserved in the sense that In order to show that it is exhaustive let N ⊆ j * M be coherent, F -pure and nil-isomorphic to j * M . Then by Proposition 3.3 we have j
By Proposition 3.5 the element f is a test element for N . Moreover, for t = 0 the algebra C is generated by κ so that N C = N by F -purity. We thus get τ (j * M, f 0 ) = e≥1 κ e f N = κ e f N for e 0, where the last equality follows from 
• C e the claim follows. By the above observation it suffices to show that if m ∈ ker ϕ then C e (R · m) = 0 for some e > 0 and if n ∈ N then there exists c > 0 such that
] and since ker ϕ is locally nilpotent there is e > 0 such that κ e (R · m) = 0. The claim about the image follows similarly.
3.9. Remark. We note that Proposition 3.8 also yields an alternative proof of the first part of 3.5 using Theorem 2.8 if
commutes. Hence, the image of τ (N, f t ) coincides with the image of τ (N , f t ), where N ⊆ j * M is a local nil-isomorphism. The maps to the colimits are all injective by Lemma 3.1 and the assumption on j * M . We conclude that τ (N,
This then also yields a notion of test module for unit
R carries a unit Cartier-module structure (i.e. the structural map C :
3.11. Definition. Let R be smooth over an F -finite field, f ∈ R and N a unit
Note that one can also define this filtration using roots (we could even drop the injectivity assumption) of unit R[F ]-modules. Indeed, let N be a root of N .
R is a Cartier module and the image of τ (N ⊗ ω −1 R ) ⊗ ω R in the limit colim e F e * N = N coincides with τ (N , f t ).
F -regularity along f !
In this section we study the behavior of F -regularity (and thus of test modules) along pull backs by the twisted inverse image of f : Spec S → Spec R, where f is either finite flat or smooth. In the smooth case F -regularity is preserved. In contrast, F -regularity is not preserved by finite flat morphisms. In fact, we will see that it already fails for a Kummer covering ramified along a smooth divisor. We start with the smooth case.
Recall that if f : X → Y is a smooth morphism of schemes then f ! • is given by ω f ⊗ f * •, where ω f = ω X/Y is the relative dualizing sheaf (see e.g. [14, Definition before III.2.1]). The Cartier structure is induced by applying f ! to the adjoint structural map M → F ! M and using the fact that
! is obtained and make the computation explicit in the case A 1 R → Spec R. First, one factors F X = F F rel and obtains the following commutative diagram where the square is cartesian.
In what follows, we will write
Spec R → Spec R be the structural map and M a κ-module on R. Then the Cartier structure for
where κ : 
where κ rel is the adjoint of the isomorphism
This isomorphism and C rel induce isomorphisms
Here the last isomorphism is due to the fact that F rel is flat so that S is a locally free T -module.
Note that one has an isomorphism 
, where f and F are the base changes of f and F and where we identify ω f = F * ω f .
Proof. Let us denote the ring S ⊗ R T by A. Then the left hand side is given by
by flat base change. Finally, one has an isomorphism The adjoint of the relative Cartier operator κ rel :
Once again we identify F * ω f and ω f via the base change isomorphism. With this identification Lemma 4.2 yields an isomorphism
Next, by Lemma 4.3, we have an isomorphism
to this isomorphism and composing with Σ we obtain the isomorphism
By tensor-hom adjunction we obtain a natural isomorphism
Composing this isomorphism with the isomorphism Ξ above we obtain
Finally, we consider the adjoint Cartier structure C :
Composing with Λ we get a map f ! M → F ! f ! M and taking its adjoint yields 
Making the usual identification of
Proof. We restrict to the case n = 1 to keep notations simple. Since ϕ is étale we have an isomorphism F * S → F rel * S, r ⊗s → rs p , that is, any s ∈ S may be written as a sum i r i t p i for suitable r i ∈ R[x], t i ∈ S. The inverse of this isomorphism is of course the relative Cartier operator κ rel : F rel * S → F * S. Since ω f = Sdx the relative Cartier operator for f is given by
Using this formula for the relative Cartier operator it follows, just as in the proof of Lemma 4.1, that the Cartier structure for f ! M is given by
Using Lemma 4.1 and the fact that for a Cartier module (N, κ) the Cartier structure on ϕ ! N is given by the natural composition (cf. [ 
one verifies that the Cartier structure on ϕ ! g ! M is given by 
Lemma. Let f : Spec S → Spec R be a smooth morphism and i : Spec R/I → Spec R a closed immersion. Then we have a natural isomorphism of functors
i * f ! → f ! i * that
is compatible with Cartier structures, where i is the base change of i and similarly for f . In particular, it induces an isomorphism of Cartier crystals.

Proof. We write A for S/IS. We have a natural isomorphism of R-modules id
Next, we apply f ! to this isomorphism and use the fact that
Explicitly, this isomorphism is given by the following composition
where the first isomorphism is induced by the natural map above, the second isomorphism is flat base change and the final isomorphism is due to the fact that i * ω f ∼ = ω f via the usual base change morphism of (top-dimensional) Kähler differentials and the natural isomorphism 
3 is compatible with Cartier structures. An application of Lemma 4.4 (and working locally) shows that it is sufficient to consider the case where f is étale and the case where f : A n R → Spec R is the structural map separately (again we restrict to n = 1 to simplify notation).
In other words, we have to verify that given a Cartier module (M, κ) the square
We begin with the case that f : Spec R[x] → Spec R is the structural map. Using the usual identification of 
Since R is excellent we may choose c such that R c is regular (and replace R by R c ). By localizing further we reduce to the case that R is an integral domain.
• with a n = 0 and hence a n ∈ R • . Again we use [1, 
. , t (and thus
κ jiu f (x k ) = 0 for k < n + s jiu ). Then tu i=1 κ jiu f ⊗ C jiu (a · x sj iu ⊗ m jiu ) = tu i=1 κ jiu f (x n+sj iu ) ⊗ C jiu (a n m jiu ) = 1 ⊗ m u .M = f −1 (Supp M ). Since τ (f ! M, a t )
is minimal with this property we obtain an inclusion
. By the previous observation and F -regularity of the latter this is an equality. 
Corollary. Let f : Spec S → Spec R be a smooth morphism of rings essentially of finite type over an F -finite field and let a ⊆ R be an ideal. Then for a non-degenerate Cartier module
As usual this is a local issue so that we may immediately restrict to the situation where f : Spec S → Spec R is a morphism of affine schemes. We start with some preparatory results. 
Proof. One has an isomorphism
and j ! = j * , so by adjunction of j * and j * we get an induced morphism f
After the identification j * j * M = M this will be our desired isomorphism.
First of all, the isomorphism
is given by (note that
, where µ a denotes multiplication by a. Hence, adjunction yields the map
This is map is injective by flatness of j and it is clearly surjective hence an isomorphism.
We now verify that this isomorphism is compatible with Cartier structures. By [3, Proposition 3.3.15 ] the adjunction j * j * → id is an isomorphism of Cartier modules. We are therefore reduced to showing that f
is compatible with the Cartier structures. The Cartier structure on 
x n for n ∈ N. We have to show that there is e n such that
Assume now that R, x are smooth and M = ω R . We have to show that κ :
x is surjective. This is local on R so that we may restrict to stalks R P , where we have a local system of parameters x 1 , . . . , x n . If x is invertible in R P then the map is clearly surjective. If x is not invertible then its part of a sequence of parameters by smoothness. Indeed, let x 1 , . . . , x n be a sequence of parameters, then dx = i ∂x ∂xi dx i in Ω 1 R 5 . As x is smooth some partial derivative is a unit (say, after reordering, the first one). Then the transformation matrix sending dx 1 to dx is invertible. In particular, in terms of the basis δ = dx ∧ dx 2 ∧ · · · ∧ dx n we obtain
The claim that ω R ⊗ R · 1 x admits no non-zero nilpotent submodules is again local so that we may assume that ω R is free generated by δ. We will in fact show that ω R ⊗ R · 1 x endowed with Cartier structure κx s for any s ≥ 0 admits no nilpotent submodules.
If N = 0 is any Cartier submodule and rδ
x is not F -regular it suffices to note that ω R ⊗ R is a Cartier submodule that generically agrees with ω R ⊗ R · 
Proof. Everything except the F -regularity follows just as in Proposition 4.11. For the F -regularity note that (working locally) we have an étale morphism ϕ : Spec R → Spec S = Spec k[x 1 , . . . , x n ] , where x = x 1 , and ω R = ϕ ! ω S . By [20, Theorem 6 .15] ω R is F -regular if ω S endowed with Cartier structure κx
We have to show that for g ∈ k[x 1 , . . . , x n ] a non-zero polynomial there is e ≥ 1 such that (κx 1 mg has exponent < p e − 1 in some x i and is thus annihilated by κ e . In particular, since we only need to consider monomials we may assume that s = p − 2. We assert that there is e ≥ 0 such that
Equivalently, we have to show that
But since the right hand side converges to 1 for e → ∞ this holds for all e 0. Fix one e that satisfies this inequality. Then for e such that p e − 1 ≥ e i for all i = 2, . . . , n and e ≥ e we find a monomial m as desired.
Finally, let us assume that s = p − 1. Clearly, x is a test element for ω R so that, using [5, Lemma 4.1], we obtain τ (ω R , κx
for all e 0.
4.13. Example. Let k be an F -finite field and R smooth over k. Fix a smooth hypersurface x ∈ R and denote R[t]/(t p−1 − x) by S. We write f : Spec S → Spec R for the morphism induced by the inclusion. Note that f is a Kummer covering which is étale over D(x). We consider the Cartier module ω R , where the Cartier structure is given by κx s for some 1 ≤ s ≤ p − 2. More precisely, the adjoint C of κ is induced from the fixed isomorphism k → F ! k by s ! , where s : Spec R → Spec k is the structural map. In particular, the adjoint of κx s is given by ω R
If we endow ω R with its natural Cartier structure κ then f ! induces an isomorphism of Cartier modules f ! ω R ∼ = ω S , where ω S also carries its natural Cartier structure κ S . In particular, if we endow ω R with the structure κx s then this induces the Cartier structure κ S x s = κ S t s(p−1) on ω S . From now on we will simply write κ for the natural Cartier structure on a canonical module.
By virtue of Lemma 4.12 we conclude for p ≥ 3 that f ! ω R with Cartier structure induced by κx is F -pure but not F -regular, while (ω R , κx) is F -regular. By the same token if s > 1 then (ω S , κx s ) is not F -pure.
We can also transfer this example to a context which fits in the framework where Stadnik constructs a notion of V -filtration (cf. [21, Theorem 3.15, Definition 3.11]). 6 Note that since we do not assume that our base field is perfect the Cartier structure is given as in Lemma 4.1 above. In particular, everything depends on the choice of an isomorphism k → F ! k. 4.14. Example. We use the notations and assumptions from the previous example. First we show that taking the twisted inverse image of (ω Rx , κx s ) along the restriction of f yields an isomorphism with (ω Sx , κ). We have f ! ω R = ω S and a commutative diagram:
an isomorphism of S-modules. Then [3, Proposition 3.3.23] yields that this is an isomorphism of Cartier modules.
Let now η be a generic point of a component of Supp f ! M = Spec S. Then f (η) is a generic point of a component of Spec R by flatness. Consider the following commutative diagram
Note that f η is finite flat and surjective (R f (η) is a field since R is reduced, finiteness follows from Lemma 4.18). Since both u, v are essentially étale we have u
. Recall that the operation commutes with localization. Since f η is finite faithfully flat we obtain via Lemma 4.16 a surjection Tr : 
Proof. We use the characterization of F -regularity given by [20 
A comparison with Stadnik's V -filtration
The goal of this section is to relate the filtration of Definition 3.10 above with the (super-specializing) V -filtration for unit F -modules introduced by Stadnik in [21, Definitions 3.4, 3.6] in the cases where Stadnik proved existence of his filtration. We will also see that they do not coincide in general. Let us begin by recalling Stadnik's definition:
For a normal noetherian integral domain R and a morphism f : Spec S → Spec R we say that f is tamely ramified along x ∈ R if f is finite and étale over D(x), S is normal, x is smooth and every irreducible component of Spec S dominates Spec R. Moreover, we require that for every generic point p ∈ V (x) the extension R p ⊆ S f −1 (p) is tamely ramified (see [13, Definition 2.2.2] ). Important for computations is the fact that étale locally a tamely ramified covering is a disjoint union of Kummer coverings. More precisely, for every p ∈ Spec R there is an étale neighborhood U → Spec R such that Spec S × Spec R U → U is a disjoint union of Kummer coverings ([13, Corollary 2.3.4]).
5.2.
Remark. Let us briefly elaborate on axiom (iv): Note that axiom (ii) implies that Gr i M is an R/I-module. Next note that α :
is the desired isomorphism. Also note that axiom (v) is already implied by (ii) provided that f is a nonzero divisor on M. Indeed, in this case (ii) yields isomorphisms µ f :
Thus it induces an isomorphism on the associated graded.
Stadnik proves that such a filtration is unique (see [21, Proposition 3.8] ) and furthermore shows existence in the following special case: M is of the form j * N for some coherent unit 
where
Proof. Recall that the unit F -module corresponding to j * ω Rx is just j * R x endowed with the (adjoint of the) ordinary Frobenius. In this case it is easy to see that the filtration V t := {f | ν(f ) ≥ t}, where ν : Q(R) → Z is the valuation attached to R (x) , is a super-specializing V -filtration. In other words, one has V t = R · x t for all t ∈ Q.
On the other hand, j * ω Rx is locally nil-isomorphic to ω R ⊗ R 1 x and the test module filtration is given by τ (j * ω Rx , x t ) = x t ω R for t ≥ 0. For t < 0 we set τ (j * ω Rx , x t ) = x t ω R according to 3.6. So if t ≥ 0 is not integral then we take ε < {t} and obtain x t+1−ε = x t as desired. If t ≥ 0 is integral then we take any 0 < ε < 1.
One Based on this result one might hope that given t and a unit
where the lefthand side is the filtration introduced in 3.10 and the right-hand side is Stadnik's filtration. However, this is not the case in general.
First we give an example that shows that Stadnik's V -filtration does not commute with graph embeddings (the corresponding result does hold for the test module filtration -see [20, Proposition 3.7] ).
Example. Let k be a perfect field and consider the embedding
is a unit F -module via the Frobenius induced from localization. We claim that i + k does not admit a V -filtration along t + 1 in the sense of Definition 5.1 (note that this is up to an identification just the graph embedding of k filtered along 1). Indeed, one has Supp i + (k) = V (t) but assuming that i + k admits a V -filtration along t + 1 the associated graded of this filtration (if it is non-zero) is supported on V (t + 1). We conclude that V s must be the trivial filtration. One can now check that multiplication by t + 1 is an automorphism (the element [20, Proposition 3.7] ). Note that the unit F -module corresponding to i * ω R is given by i + R which admits the explicit description
with adjoint structural map 
First, we will show that (iii) of Definition 5.1 is not satisfied. Fix s ∈ N and choose 0 < ε 1. We want to show that α(τ (colim
e≥1 C e xM . In particular, we find κ e ∈ C e and m e ∈ M such that ϕ(1) = 
Proof. By Proposition 4.19 we have Supp ) for some n with (n, p) = 1. Next, note that G is cyclic of order n. The natural G-action on S is given by letting a generator σ act by multiplication with a primitive nth root of unity ζ n on t. 
Proof. Since R and S are normal domains we have Tr(x) = σ∈G σ(x). Hence, Tr(σ(s)t) = Tr(sσ −1 (t)).
Let us recall that if R is essentially of finite type over an F -finite field k with structural map s then s ! k = ω R is an invertible sheaf and by our conventions is endowed with an isomorphism ω R → F ! ω R (cf. Introduction).
5.14. Example. Write f : Spec S → Spec R for the morphism associated to the Kummer covering R ⊆ S = R[t]/(t n − x) (in particular, (n, p) = 1). Assume furthermore that R contains all nth roots of unity. We will denote by δ i ∈ Hom R (S, R) for 0 ≤ i ≤ n−1 the map which sends t i to 1 and the other t j to 0 for 0
Moreover, one has Tr = nδ 0 = nt n−1 δ n−1 . The last equality is due to the fact that Tr(t i ) = n j=1 ζ ij t i = 0 for i = 0, where ζ is a primitive nth root of unity.
Let us now additionally assume that R is regular essentially of finite type over an F -finite field. If j : Spec R x → Spec R denotes the open immersion and M is an R x -module then one has a chain of natural isomorphisms
Let us denote the map S → j * M ⊗ ω R sending t i to m ⊗ ω and t j to 0 for j = 0, . . . , n − 1, j = i by δ i,m,ω . With this notation the isomorphism Hom R (S,
This follows since nt n−1 δ n−1 = Tr → 1 and using S-linearity. Since
x ⊗ ω we see that the composition of the natural isomorphisms above is given by
Moreover, if R is normal and we endow f ! (j * M ⊗ ω R ) = Hom(S, j * M ⊗ ω R ) with its natural right action of the Galois group G of the fraction field extension Q(S)/Q(R) and f * (j * M ⊗ ω R ) with its natural (left) G-action on S then this isomorphism is G-equivariant. 
In what follows if M is an R[G]-module
(S)/Q(R). Then there is a natural isomorphism
Proof. The natural isomorphism Σ is given by restricting the inverse of natural isomorphism (1) in Example 5.14 to G-invariants. For the second claim note that, upon identifying ω S with f ! ω R one has a natural isomorphism Ξ :
whose inverse is given by
In particular, we obtain a G-action on f * j * M ⊗ S f ! ω R by transport of structure. Let us write S = R[t]/(t n − x). In particular, S admits a free basis 1, t, . . . , t n−1 and the inclusion R → S splits. We localize and assume that ω R = R · ω is free of rank 1. We will denote by δ i the element of Hom R (S, ω R ) which sends t i to ω and t j to 0 for i = j, 0 ≤ j ≤ n − 1. As in Example 5.14 the element δ n−1 generates Hom R (S, ω R ) as an S-module. We now come to the claimed isomorphism. An element of N G is also contained in (f * j * M ) G . Since S is a free R-module with basis t i , 0 ≤ i ≤ n − 1 an easy computation shows that G-invariant elements are of the form m ⊗ 1 for m ∈ j * M . Multiplying the right-hand side with t n−1 and taking G-invariants we obtain τ (j * M, x a n +1− G coincides with V a n j * M. 8 We conclude that V a n j * M ⊗ ω R = τ (j * M ⊗ ω R , x a n +1−ε ) as claimed. For the addendum recall that by the proof of Proposition 5.6 one has Gr 0 V (f * j * M) = (R/(x)) r and Gr
, where the latter isomorphism is due to Lemma 5.4. We have the following situation
O O where the vertical arrows are inclusions by Lemmata 5.16 and 5.17. We only have to find an isomorphism ϕ that makes this diagram commutative. We have the following chain of natural isomorphisms that induce both ϕ and the top horizontal isomorphism. By the first part of the proposition and the exactness of ⊗ω R we have an isomorphism i * Gr The last claim follows from faithfully flat descent. 
